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We establish, among other things, a family of symmetric block designs with 
parameters (v k A) = (9.2”‘+4, 9.22’+3 - 3.2’+‘, 9.22’+2 - 3.2’+*). , 1 
1. INTRODUCTION 
In his book [I 1, Marshall Hall gives a table of balanced incomplete 
block designs with from 3 to 15 replications. It is mentioned there that a 
solution is unknown as to whether or not there exists a symmetric block 
design with parameters (v, k, h) = (36, 15, 6) (number 104 in the table). 
It is the purpose of this paper to show that such a design can in fact be 
constructed quite simply and to suggest that a more general construction 
might exist for designs with parameters (0, k, A) = (4u2, 2u2 - u, u2 - u). 
The above design is obtained by taking u = 3. In the case u = 2’ such 
designs have already been constructed [2], the designs being in fact group 
difference sets. 
2. HADAMARD MATRICES AND BLOCK DESIGNS 
A Hadamard matrix H is an orthogonal square matrix of order m all 
the entries of which are + 1 or - 1, i.e., 
HHT = mI*,, , 
where HT denotes the transpose of H and 1, is the identity matrix of order 
m. For such a matrix to exist it is easily shown to be necessary that 
m = 1 or 2, or nz = 0 (mod 4). 
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It has been conjectured, but not yet proved, that this condition is also 
sufficient. A full list of values of m for which there exists a Hadamard 
matrix of order m may be found in [3]. 
A symmetric block design with parameters (v, k, h) is an arrangement 
of v objects into u blocks of k objects each such that each object occurs in 
k blocks and each pair of distinct objects occurs in h blocks. Counting the 
occurrence of pairs, it is seen that the parameters (u, k, h) must satisfy 
h(v - 1) = k(k - 1). If the objects are a, , a2 ,..., a, and the blocks of the 
design are Bl , B2 ,..., B, , we associate with the design the incidence 
matrix A = [Q] of size z, x v defined as follows: 
aij = (1, IO, 
if a,EBj, 
if ai $ Bj . 
Then it is easily verified that AAT = nl, + AJ, , where n = k - h and J, 
is the square matrix of order z, all the entries of which are +l. Write 
A, = 2A - J, so that A, is a ZJ x z, matrix with entries 51 which satisfies 
A,A,7 = 4nI* + (U - 4n) J, . If the original block design has parameters 
(v, k, h) = (4u2, 22.8 - u, uz - u), then AlAIT = vZ, and A, is a Hadamard 
matrix of order U. Conversely, it is readily shown that, if there exists a 
Hadamard matrix H or order v with constant column sums, then v is of 
the form 4u2 and the matrix +(JV & H) is the incidence matrix of a 
(4n2, 2~4~ - U, u2 - u) symmetric block design. This utilizes the fact, due 
to Bruck and Ryser, that, for a symmetric (u, k, h) block design to exist 
with u even, then k - h must be a square. Full details are given in 
[l, p. 2061. 
A Hadamard matrix of the WiIliamson type is one of the form 
(a slight change in the notation of [l]), in which A, B, C, D are r x r 
symmetric matrices with entries f 1 and which are polynomials in the 
r x r matrix 
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Thus A, B, C, D, are circulant matrices and satisfy 
A2 + B2 + C2 + D2 = &IT. 
Referring to Appendix II of [l] where there is a list of Hadamard matrices 
of the Williamson type, it is seen that, in the case r = 9, for the decom- 
position 4.9 = 32 + 32 + 32 + 32, the matrices A, B, C, D of order 9 
may be chosen with first rows, respectively (+ denotes + 1, - denotes - 1) 
A: +---++--- 
B: +--+--+-- 
C: +-+----+- 
D: ++------+ 
Then H constructed as in (1) has 15 + l’s in each row and column, so that 
$(H+J)+&(H+J)T=9J+6JandJ*+(H+J)= 15J(J=J,,).This 
shows that &(H + J) is the incidence matrix of a (36, l&6) symmetric 
block design. 
Similarly, in the case r = 25, with the decomposition 
4.25 = 52 + 52 + 52 + 52 
in the same table as mentioned above, we may take the matrices A, B, C, D 
of order 25 with first rows 
A: ++++-+-+-+--++--+-+-+-+++ 
B: ++--+--+-++++++++-+--+--+ 
C: +++--+--++++--++++--+--++ 
D: +-+--+t+--++++++--+++--+- 
The matrix H constructed as in (1) gives rise to a symmetric block design 
with parameters (100, 55, 30). 
It seems reasonable to conjecture that, corresponding to every odd 
integers s and the decomposition 4s2 = s2 + s2 + s2 + s2, there is a 
Hadamard matrix of the Williamson type of order 4s2 which gives rise to 
a symmetric block design with parameters (4s2, 2s2 - s, s2 - s). However, 
since the Hadamard matrices of the Williamson type used above were 
found by L. D. Baumert using a computer, it is probable that this con- 
jecture is difficult to prove (or disprove). 
Finally, if Ht denotes the Hadamard matrix obtained from a 
(4t2, 2t2 - t, t2 - t) symmetric block design, it can easily be shown that 
&(J - Ht x H,), where Jis of order 16u2t2 and x denotes direct product, 
is the incidence matrix of a symmetric block design with parameters 
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(4(2~&)~, 2(2r@ - 2ut, (2ut)2 - 2ut). In a similar manner, the direct 
product H x Ht , where 
gives a design with parameters (4(2t)2, 2(2t)” - 2t, (2t)2 - 2t). Note also 
that 
HxHx**.xH 
r factors 
gives a design with parameters (4.22r, 2.22T - 2T, 227 - 2’) which are the 
same parameters as those of the group difference set found by P. K. Menon 
PI- 
Using these results it is immediate that there is a (144, 66, 30) block 
design which is a particular case of the general family with parameters 
(9.22r+4, 9.22r+3 - 3.2T+1, 9.22T+2 - 3.2’fl). Similar results are obtained 
by considering the block design with parameters (100, 55, 30). 
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